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Abstract 

This paper is aimed to investigate some computational aspects of different isoperi- 
metric problems on weighted trees. In this regard, we consider different connectivity pa- 
rameters called minimum normalized cuts/ ' isoperimteric numbers defined through tak- 
ing minimum of the maximum or the mean of the normalized outgoing flows from a set 
of subdomains of vertices, where these subdomains constitute a partition/ subpartition. 
We show that the decision problem for the case of taking fc-partitions and the maxi- 
mum (called the max normalized cut problem NCP M ) as well as the other two decision 
problems for the mean version (referred to as IPP m and NCP m ) are iVP-complete 
problems. On the other hand, we show that the decision problem for the case of taking 
fc-subpartitions and the maximum (called the max isoperimetric problem IPP M ) can 
be solved in linear time for any weighted tree and any k > 2. Based on this fact, we 
provide polynomial time 0(fc)-approximation algorithms for all different versions of fcth 
isoperimetric numbers considered. 

Moreover, when the number of partitions/subpartitions, k, is a fixed constant, as an 
extension of a result of B. Mohar (1989) for the case k = 2 (usually referred to as the 
Cheeger constant), we prove that max and mean isoperimetric numbers of weighted 
trees as well as their max normalized cut can be computed in polynomial time. We 
also prove some hardness results for the case of simple unweighted graphs and trees. 

Key words: isoperimetric number, Cheeger constant, normalized cut, graph partition- 
ing, computational complexity, approximation algorithms, weighted trees. 

Subject classification: 05C85, 68Q25, 68R10. 

1 Introduction 

The classical isoperimetric problem is a well-known and well-studied subject in Riemannian 
geometry, while the analogous problems in discrete case have recently been at the center of 
attention. Different aspects of these problems have been extensively studied in the literature 
and variety of relations to many important concepts have been discovered. The significance 
of the isoperimetric problem is due to its relation to the central theoretical concepts and 
also its varied real world applications (e.g. see [^[51 IT0l[T21 - rT^lfT5ll 1 9 j for motivations and the 
background) . 

Isoperimetric numbers can be considered as geometric tools to measure the connectivity 
of graphs. To begin, let us recall (e.g. see [2]) the definition of the classical isoperimetric 
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number (Cheeger constant) of a simple graph G = (V, E) as 
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where 
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c{Q) d = \{uv EE:uEQ kvg Q}\, 
and the not so common mean version as follows 

, n . dcf . c(Q) 
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Higher isoperimetric numbers, as generalizations of the classical isoperimetric numbers, have 
been defined for a general Markov chain on a directed base-graph and their properties has 
been studied extensively, (e.g. see [6] and references therein). These problems deal with 
minimizing the max/mean of the normalized outgoing flows over all subpartitions (disjoint 
nonempty subsets) of the vertex set. One may also define similar parameters based on 
minimizing this value over all partitions of the vertex set usually known as the minimum 
normalized cuts (see e.g. 18, 19 ). Following the main result of [6], it is known that the 
isoperimetric numbers can be described as {0, l}-optimization programs which admit a re- 
laxation to the reals, while this is not the case for the minimum normalized cuts. This fact 
can be considered as a clue that the normalized cut problem is likely to be harder than the 
isoperimetric problem, which is almost approved by the results of this article. 

In this article we are going to investigate computational aspects of these parameters 
on weighted trees. Our motivations for this study are twofold. On the one hand, tree 
partitioning and in particular solving isoperimetric problems on weighted trees has its own 
importance due to the existence of many applications in the practical problems such as 
image segmentation and pattern recognition (e.g. see [3J [U E])- On the other hand, 
the study of isoperimetric problems on trees is important from a computational point of 
view, since they provide a universe in which by small perturbations of conditions, these 
problems change their computational hardness from simple (i.e. polynomial time) to hard 
(i.e. -/VP-complete) and vise versa. In this regard, our results provide evidence to consider 
as a general belief that changing the problem from subpartitions to partitions or taking the 
mean instead of the maximum, usually makes the problem computationally harder. 

Let us begin with a description of our general setup. Our framework is a weighted graph 
which is a simple graph G — (V, E) along with two weight functions on the vertex and the 
edge sets as, w : V — > Q + and c : E — > Q + , which is usually denoted by G = (V, E, uj, c). By 
an unweighted graph we mean a weighted graph where all the vertex and edge weights are 
equal to 1. For every nonvoid subsets A,B C V, we define 

E(A, B) d = {e = uv&E: ueA,v£ B}, 
W (A) d =E^)' <A,B)^ c ^ c(A) d ^c(A,A% 

u£A e£E(A,B) 

The normalized outgoing flow of the set A is defined as the quotient c(A)/u)(A). The set 

T>k(V) is defined to be the set of all k- subpartitions {Ai, . . . , Ak} = £ {^4i}i of V, where Ai's 
are nonempty disjoint subsets of V. The set of all k-partitions of a set V, which is denoted 
by Vk(V), is the subclass of T>k(V) containing all fc-sets {^4i}i for which \J^ =1 Ai = V. Also, 
for every positive integer n, the notation [n] stands for the set {1, . . . , n}. 

Now, we define the mean and max isoperimetric numbers as well as the minimum nor- 
malized cuts as follows. 
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Definition 1. Given a weighted graph G — (V,E,uj,c), for each fc, 1 < fc < \V\, the fcth 
mean and max isoperimetric numbers of G, denoted by t™(G) and i^ 1 (G), respectively, are 
defined as 

C(G) d = min i 

{^;Kex> fc (v) K 




(G) = mm max 



{Ai}1eV k (V) l<i<k U)(Ai) 

Also, considering the partitions, we define the following related constants as the fcth (mean 
and max) minimum normalized cuts of G, 

l m (G) d = min max 444- 

fc {A<}*£7\00 i<*<fc w(A;) 

We call a weighted graph G, mean (resp. max) k-geometric, if i™(G) = ^"(G) (resp. 



(G) = Zff(G)). Also, G is called mean (resp. max) super geometric ^ if it is mean (resp. 
max) fc-geometric for all 2 < k < \V\. We call a vertex v € V, a (mean or max) fc- 
outlier, if there exists a minimizing subpartition achieving tfe(G), where u lies outside of the 
subpartition. It is well-known that ii = li (see [5]) and the common value is usually called 
the Cheeger constant or edge expansion in the literature. A 

In order to investigate computational complexity of these optimization problems, as is tra- 
ditional for complexity results, we consider the corresponding decision problems. Also, since 
the isoperimetric parameters as operators on weight functions preserve scalar multiplication, 
without loss of generality, we assume that the range of all weight functions is Z (instead 
of Q). Moreover, for simplicity we use a couple of notations. The acronyms IPP and NCP 
stand, respectively, for the isoperimetric and normalized cut problems. As before, the su- 
perscripts m or M determine the mean or max version of these problems, respectiveljQ, and 
subscript k is used whenever fc is a constant and does not appear as part of the input. For 
instance, NCPj^ refers to the following problem, 

NCP^ 1 

CONSTANTS: An integer fc. 

INSTANCE: A weighted graph G = (V, E, uj, c) and a positive rational number N e Q+. 
QUERY: Is it true that lf{G) < N? In other words, is there a fc-partition {AJf € 

V k (V) such that max (4441 < ^ ? 

i<i<k [oj(Ai) J 

By the following results, the equivalent problems IPP2 and NCP2 are known to be NP- 
complete. 

Theorem A. 

(i) [Tl] The problem NCP2 is iVP-complete for (unweighted) general graphs with multiple 
edges. 

(ii) [18] The problem NCP2 is AP-complete for bipartite planar weighted graphs. 

Note that, however, the planarity and the bipartiteness in Theorem [A^ii) is not mentioned 
explicitly in |18j . the above statement clearly follows from the reduction provided in the 
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proof. For a long time, it has been an open and challenging problem how well ii = I2 can 
be approximated in polynomial time for general graphs. The best current known result is 
due to Arora et. al. which gives a polynomial time approximation algorithm that computes 
li up to a factor of O(ylogn) for an n- vertex simple graph using semidefinite programming 
and geometric embedding (see [U [TT1 [20] ) . Also, Wu et. al. present a polynomial time 
((4 + o(l)) log n)-approximation algorithm for the minimum normalized cut on an n- vertex 
weighted graph [21]. 

It is instructive to note that the non-normalized counterparts of the (mean) isoperimct- 
ric problem and the (mean) normalized cut problem are already known as the minimum 
k- subpartition problem and minimum k-way cut problem, respectively (e.g. see |15j for 
details and the background). Particularly, we know that there exists a polynomial time 
2(1 — l//c)-approximation algorithm for the minimum fc-way cut problem which is based 
on computation of the minimum /c-subpartition problem [16] . In Section [2] along the same 
lines, we prove a couple of basic inequalities (Theorem [1]) which show that the isoperimetric 
numbers can be considered as an approximation for the minimum normalized cuts. In Sec- 
tion[3]we consider the computational aspects of this approximation on weighted trees and we 
determine the computational complexity of the four main isoperimetric and normalized cut 
problems. There we prove that IPP m , NCP m , and NCP M are all A^P-complete for weighted 
trees, however, quite unexpectedly, it turns out that IPP M is a linear time solvable problem 
in this case. This is used to provide polynomial time 0(fc)-approximation algorithms for the 
A:th isoperimetric number and the fcth minimum normalized cuts. 

In Section 0] we focus on the case when the number of parts, fc, is fixed and does not 
appear as part of the input. For k — 2, Mohar [14) has proved that there exists a linear time 
algorithm that computes L2 for trees. In this section as a generalization of Mohar's result 
we prove that, for each k > 2, all parameters iff , 1™ and if? can be computed in polynomial 
time for weighted trees. We also show that this fact can not be extended to weighted graphs 
with bounded tree-width (unless P = NPl) by proving that for every fixed k > 2, IPPfc 
and NCPfc (in both max and mean versions) are ^VP-complete for bipartite weighted graphs 
with tree- width 2. 

In Section [5] we try to improve the hardness results to the case of unweighted (sim- 
ple) graphs or trees. In this regard, we provide a general reduction method that can be 
used to improve any known strong iVP-completeness result for weighted graphs to an NP- 
completeness result for unweighted graphs. Particularly, we use this reduction to prove 
the A^P-completeness of NCP M for unweighted trees and IPP/c and NCPfc for unweighted 
graphs. 

2 A basic inequality 

Our main result in this section is the following inequalities, which are counterparts of a 
similar result for the minimum k-way cut problem, that has already been proved in [16] . 

Theorem 1. For every connected weighted graph G and every integer 3 < k < \V(G)\, 

^f(G) < ?f(G) < (k-i)tf{G), 

lT(G) < it(G) < 2(l-i)^(G). 

Note that, when k = 2, we have ^(G) = 12(G) for both max and mean versions [6]. More- 
over, the result shows that the parameters L™(G) and £j[r (G) can be seen as approximations 
of the parameters i~^(G) and tf f (G), respectively. Therefore, from this point of view, the 
isoperimetric numbers can be considered as approximations for the minimum normalized 
cuts. We shall elaborate the computational aspects of these approximations in the forth- 
coming sections. To prove Theorem [TJ we need the following lemma. 
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Lemma 1. Given an integer k > 1 and nonnegative numbers A, aj,&, (1 < i < fc), smc/i £/ia£ 
< A < fc and £\ a.; = 1, the following inequality holds, 



X 



ajfei < max ( Xajbj + (1 — -r) b j j . (2) 



Equality holds if and only if either for each i, bi = 0, or for each i and some constant b, 
at = l/k and bi = b. 

Proof. Let / := ^ i aibi and for every 1 < j < k, let Cj := Xajbj + (1 — X/k)bj and 
tj := k 2 aj /X + k/(k - A). Then 

fc 

E max ( c J - J ) ^ E t i ( c j - J ) 

'k(k-X) kX k 2 k 2 



X k-X X k-X / 

= E ( k2a h + b i - 2ka i b i) = E^ - v% ^ °- 

3 3 

Thus, maxj(cj — J) > 0, as desired. Also, the equality conditions follow immediately from 
the proof. ■ 

Proof of Theorem [Tj Lower bounds are trivial from the definitions. To prove the upper 
bounds, let {^4i}i G T>k{Y) be a fc-subpartition of the vertices and define A* := V\(L>iAi). 
For simplicity let Wi := uj(Ai), a :— c(Ai) and C := J2i c i- For a fixed j (1 < j < k) define 
the fc-partition -k" j := {Bf}f as Bj := Ai for all i ^ j and B] := Aj U A*. Then, we have 

c{B])< Y j c{A i ) = C-c j . 

Thus, for every 1 < j < k, 

< max — , . — jl— , (3) 



1 \U)(Bj) J i-tyj w j +u{A*)J ' 

Now, in order to prove the first inequality, assume that G is not fc-geometric (if G is k- 
geometric the results are trivial) and let {^4i}i be a subpartition which achieves tjr(G) and 
let Cj = maxi Ci . By Inequality ([3]) , we have 

Z/f(G) < < < (* " 1)^ <(*"!) tf(G). 

w jo +u;{A*) w J0 w jo 

Now, in order to prove the second inequality, assume that {^L}i be a subpartition which 
achieves t™(G). By Inequality (j4|), we have 

fcff(G)<min| C -* <mm(^^-)+Y-- (5) 

j \wj+u{A*) ~^j Wi ) 3 V w j J "'< 
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Now, let C* :— X^( C «7 W »)' then applying Lemma [T] with aj := c 3 ^ 3 , bj := Wj and A := 2, 
yields 

C /2c 7 . 2, \ 

Of < ^— + (1 - -K j . 

Therefore, 

mjnf^a) <(!-§) ^ 

3 \ Wj J K Wi 

and the result follows from Inequalities ((SJ) and ([H]). ■ 

Example 1. In this example we show that the bounds in Theorem Q] are sharp, in the 
sense that for every fixed k > 3, there is a family of weighted graphs {Gt}t e N such that 
?f {G t )/if (G t ) tends to {k-1) and T^(G t ) / 'i™(G t ) tends to 2(1 - |) as t tends to infinity. 
Let A: be a constant. For every positive integer t > k, define the graph Gt as a star with 
a central vertex v of degree fc and k vertices v±, . . . ,Vk each of degree 1. Also, define the 
weight functions u> and c as follows, 

uj(v) := fc, io(v.i) :— t, c(ot,) := 1 V 1 < i < k. 

Then, by the definitions we have 

4<<ft>4 ^, G , ) = im (l,i-i) = i_i 

2=1 \ 2=1 / 

where L^f (G t ) and t™(G t ) are achieved for the disjoint sets := {wi}, 1 < i < k, and 
t^f(Gt) and V£(Gt) are achieved for the fc-partition , with Bi := {vi}, 1 < i < k — 1 

and := {wfc, u}. The claim immediately follows from the above equalities. £ 



3 Algorithms, Complexity and Approximation Results 

In this section we consider IPP, NCP and their approximations for weighted trees. In this 
regard, we shall prove that NCP M for weighted trees is iVP-complete in the strong sense. 
Also, as a bit of a surprise, we show that the corresponding problem on subpartitions, i.e. 
IPP M , can be solved in linear time using dynamic programming, where this can be used to 
obtain a polynomial time approximation for the minimum normalized cut of weighted trees. 
Let us recall that a problem with numerical parameters is said to be NP-complete in the 
strong sense, when it remains iVP-complete, even when all of its numerical parameters are 
bounded by a polynomial in terms of the length of the input. In other words, a strongly 
A^P-complete problem remains iVP-complete even when the input parameters are given in 
unary codes (instead of binary codes) . 

Theorem 2. The problem NCP M is NP-complete in the strong sense for weighted trees. 

Proof. Clearly, NCP M is in NP. To prove the strong ivP-completeness of the problem 
we prove a sequence of reductions as follows, 

3-PARTITION <" m SUBSET AVERAGE <" m NCP M , 

where the well-known 3-PARTITION problem and the SUBSET AVERAGE problem are 
defined as, 
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3-PARTITION 

INSTANCE: A positive integer B e Z + and 3m positive integers X\,... , a?3 m € Z + , such 

that B/4 < Xi < B/2, for each 1 < i < 3m and X^Hi = 
QUERY: Is there an m-partition {Si}™ £ 7 5 m ([3m]) such that, for each 1 < j < m, 

and 

SUBSET AVERAGE 

INSTANCE: Positive integers yi, . . . ,y n € Z + , where their average is an integer a along 

with a positive integer m < n. 
QUERY: Is there an m-partition {Ti} m <E T y m([n]) such that, for each 1 < j < m, 

average of the elements with indices in Tj is equal to a, i.e. EieT Hi = a l^j'l? 

Note that the 3-PARTITION problem is known to be strongly VP-complete [8 , and con- 
sequently, the claim follows from the above reductions. 

Step 1. 3-PARTITION <^ SUBSET AVERAGE. 

In the first step, we show that SUBSET AVERAGE is VP-complete in the strong sense, by 
a reduction from 3-PARTITION. Given 3m positive integers x%, . . . , x^ m as an instance of 3- 
PARTITION, define for 1 < i < 3m, Vl := Xl + B + l and for 3m + l < i < 4m, y t := 1. Now, 
consider {yi, . . . , y^m} together with the integer m as an instance of SUBSET AVERAGE. 
The average of y^s is equal to B + 1. If the answer to 3-PARTITION is yes, then there exists 
an m-partition {Si}™ € "P m ([3m]) such that, for each 1 < j < m, EiGSj Xi = Since 
£?/4 < < B/2, each Sj contains exactly 3 elements. Now, by defining Tj := SjU{3m+j}, 
we have y^ lSTj y t = AB + 4 = (B + l)\Tj\. Hence, the answer to SUBSET AVERAGE is 
also yes. 

On the other hand, assume that the answer to SUBSET AVERAGE is yes, then there 
exists an m-partition {T/}" 1 G P m ([4m]) such that, for each 1 < j < m, EieT' Vi = 0^ + 
l)|Tj|. Since x^'s are positive, each Tj contains at least one of the elements yz m +i, ■ ■ ■ > J/4m 
and since there are m disjoint subsets Tj's, each Tj contains exactly one of them. Thus, 
by defining S'- := Tj\{3m + 1,. .. ,4m}, we have Y^ ie s'. x i = Hence, the answer to 3- 
PARTITION is also yes. This completes the reduction. 

Step 2. SUBSET AVERAGE <" m NCP M . 

In the second step, we give a reduction from SUBSET AVERAGE to NCP M on weighted 
trees, where all the edge weights are equal to 1. Consider positive integers y\,...,y n with 
the average a and a positive integer m < n as an instance of SUBSET AVERAGE. Also, 
let I be an arbitrary positive fixed integer and construct a weighted tree T — (V, E, u), c) as 
follows (see Figure [TJ . 

,71, j = 1}, 

,n, j = 1}, 
■■a, VKKn, 1 < j < I - 1. 

Also, let all the edge weights be equal to 1. The weighted tree T together with the constants 
k := n(l — 1) + m + 1 and V := 1/a constitute an instance of NCP M . By assuming the 
partition {Ti}" 1 e V m ([n}) as a positive answer to SUBSET AVERAGE, we define the 
fc-partition 

{A } U {A t yi l U {Aij | l<i<n,l<i<Z-l}eP fe (F) 

as follows, 

A Q := {u}, A t := {u t \i G T t }, V 1 < t < m, Ay := {v tj }, V 1 < i < n, 1 < j < I - 1. 



V := {u,Ui,Vij | i = l,... 
S := {uiti, UiWij | i = 1, . . . 
:= na, u)(ui) := ly l7 := 
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Figure 1: A weighted tree corresponding to an instance of SUBSET AVERAGE. 



Now, we have 

c(A ) n c(A t ) l\T t \ 1 c(Ai 



u)(A ) na' uj(A t ) Z) ieTt ^» a ' «' 

and consequently, the answer to NCP M is also yes. 

On the other hand, assume that {^}i be a positive answer to NCP^ 7 . We should find 
a positive answer to SUBSET AVERAGE. In this regard, we come up with a partition 
of [n] into at least m subsets, each of which with an average equal to a (then, if it is 
necessary, we may merge some subsets and find an m-partition). Since |V| = nl + 1, we 
have \Aj\ < n — m + 1 and there are at least m sets A'j which has non-empty intersection 
with the set Now, define T- := {i\ U{ G A'j}. Among Tj's, the non-empty ones form 

a partition of the set [n] . We claim that the average of each set in this partition is equal to 
a. Fix j, where Tj is non-empty and let cr(Tj) := J2ieT' Vi- Since \Aj | < n — m + 1, we have 

a ~ lo{A' 3 ) ~ la(T^) + (2n - m - l)a ' 1 J 



Now, we choose I sufficiently larger than m, n, a, such that 



|t;i z|r;i-(»-m) . i 



o-(Tj) ?cr(Tj) + (2n - m - l)a na 2 ' 

Note that I depends only on n, m, a and does not depend on j and Tj, because |T- 1 and cr(Tj) 
are respectively bounded by n and na (for instance one may choose I = a 3 n 2 (3n — 2m— 1)). 
Since cr(Tj) < na, Equations and © yield 

IT'I 111 1 



< - + — t < - 



a(Tj) a na 2 a a cr(Tj) 

Hence, |T^'|/ cr(T^) < 1/a and this shows that the average of integers (yi : i G T-) is at 
least a. Finally, since non-empty sets T''s form a partition of [n], the average of integers 
(yi ; i € Tj) is exactly equal to a. This completes the reduction and hence NCP M is 
iVP-complete in the strong sense. ■ 

Although Theorem [2] can be considered as an evidence for hardness of NCP M for weighted 
trees, it turns out that the corresponding problem for subpartitions, i.e. IPP M , is surpris- 
ingly a tractable problem. To prove this, we begin by the following lemma. 

Lemma 2. Given a weighted graph G = (V,E,uj,c) and integer k > 2, there exists a 
minimizing subpartition {Ai}\ G T> k(V) attaining tfc(G) such that the induced graph on each 
Ai is connected. 
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Proof. Let {A^ be a minimizing subpartition achieving ik(G) and assume that the 
induced graph G on A\ is not connected. Therefore A\ = A U B, where there is no edges 
between A and B, we have 

. \c{A) c{B)\ c(A)+c(B) cjA,) 
\u{AY u{B)\ ~ u{A)+u{B) w(i4i)' 

Hence, we may remove one of the sets A or B from A\, such that the resulting subpartition 
remains minimizing. By continuing this process, we can find a minimizing subpartition with 
connected components. ■ 

Theorem 3. There is a polynomial time algorithm that decides IPP M for weighted trees 
whose arithmetic complexity is 0(n). 

Proof. We prove a stronger version of the theorem. We assume that in addition to the 
vertex and the edge weight functions, u), c, there exists another weight function 7 : V(T) — > Q 
that intuitively can be considered as outgoing flows to the ground. Therefore, for every 
A C V, we define the outgoing flow from A as c(A) := X) e eE(A a c ) c ( e ) + ^2veA 1f( v ) an< ^ 
we consider IPP M for these new weighted trees. It is clear that when j(v) — for each 
v G V{T), the problem is the same as the classical IPP M introduced before. Now, given 
a weighted tree T — (V,E,u),c,^y) on n vertices, an integer k > 2 and a number N as the 
input of IPP M , we perform the following algorithm on T to decide if if(T) < N and to 
find a proof (affirmative subpartition) if there exists any. 

Let v G V be an arbitrary vertex and consider the rooted tree T with the root v. Sort 
the vertices of T as v\, . . . , v n = v, in a way that the vertices at level i + 1 precede the 
vertices at level i, for each i. This can be done in linear time by a breadth-first search. Note 
that in the following algorithm 77 : V — > P{V) is a set function. 



Algorithm 1 Solve IPP M 
for i = 1 to n do 

7](Vi) <- {Vi} 

end for 

i,j 1 

while j < k and i < n do 

Let u be the unique parent of Vi and e := uvi G E (if i = n, then c(e) ^— 0) 
if j(vi) + c(e) < Nuj(vi) then 

j <- j + 1, Aj <- r)(vi), u{A 3 ) <- oj(v t ), c(Aj) <- c(e) + 7^), 7(1*) <- 7(1*) + c(e) 
else if 7(f) — c(e) < Noj(v) then 

U r)(vi), lo{u) <- + 7(u) <- 7(u) + 7^) 

else {i.e. 7(1;) — c(e) > iVw(u)} 

7(u) ^- 7(u) + c(e) 
end if 
end while 
if j=k then 

return YES, if (T) = max i {c(A i )/w(i i )} and {Ai, . . . , A fe } 
else 

return NO 
end if 



Now, we prove the correctness of the algorithm. First, we fix a couple of notions. We 
say two instances (Gi, fci,iVi) and ((^2,^2,^2) are equivalent if the answer to IPP M for 
both of them are the same. Given a weighted graph G — (V, E, co, c, 7) and a vertex v e V, 
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G\v = (V, E',lj',c', 7') denotes the weighted graph obtained from G by deleting the vertex 
v, where ui' := w\v>, c' :— c\e> and for each u G V , 7'(u) '■— j(u) + J2 e =uveE c ( e )- Also, for 
an edge e £ E, G/e denotes the weighted graph obtained from G by contracting the edge e, 
where the weight of the new vertex is defined as sum of the weights of the two old vertices. 
(If it is necessary we put together multiple edges and sum up their weights to get a simple 
graph.) Let v be a leaf in V(T) and e = vu be the pendant edge. 

1. If 7(u) + c(e) < Nuj(v), then (T, k, N) is clearly equivalent to (T\v, k - 1, N). 

2. If (1) is not the case and 7(1;) — c(e) < Nuj(v), then (T,k,N) is equivalent to 
(T/e,k,N). To see this, let ir := € T> k (V) be an affirmative answer for T, 
where the induced graph on each Aj is connected (see Lemma [5]). If M ^ LL4j, then 
v g" UAi (because Aj's are connected) and hence, 7r is also an affirmative answer for 
T/e. Now, assume that u £ Ai and u ^ UAj. Define := A\ U {1;}, then, 

c(A' x ) - Nu{A' x ) = c(Ai) - Nlj(Ai) + j(v) - c(e) - Nlo(v) < 0. 

Thus, the answer to (T/e, k,N) is also yes. 

3. Finally, if 7(1;) - c(e) > Nu(v), then (T, fc, AT) is equivalent to (T\v, k, N). To see this, 
as before let ir :— {Ai}i £ T>k(V) be an affirmative answer for T, where the induced 
graph on each Ai is connected. If v ^ UAi, there is nothing to prove. If v £ A x , then 
u £ A\ (because A\ is connected). Define A[ := A x \v, then, 

c(A[) - Nuj(A' 1 ) = c(Ai) - Nu(Ax) - j(v) + c(e) + Nuj(v) < 0. 

Thus, the answer to (T\v, k, N) is also yes. 

This shows that IPP M for weighted trees is self-reducible. Also, note that the runtime of 
the algorithm is clearly of order 0(n). ■ 

For an optimization problem, a fully polynomial time approximation scheme (FPTAS) is an 
algorithm that takes an instance of the problem together with a number e > and outputs 
a feasible solution within a factor (1 + e) of the optimal solution and its running time is 
bounded by a polynomial in the size of the instance and 1/e. By using Algorithm [1] as 
well as a standard iterative method, we can find an FPTAS to approximate ij^(T). Also, 
using Theorem [IJ we can find polynomial time approximation algorithms for the parameters 

? M (T)) t m (T) and jm (T) . 

Corollary 1. Let T be a weighted tree and 2 < k < \V(T)\ be an integer. 

(i) There exists an FPTAS that approximates the parameter t¥ (T) . 

(ii) For every e > 0, there exists a polynomial time approximation algorithm that approxi- 
mates the parameters t¥ (T), i™(T) and t™(T), within factors k — 1 + e, fc + e and 2k — 2 + e, 
respectively. 

Proof. Given a weighted tree T = (V,E,u,c), an integer 2 < k < \V\ and a number 
e > 0, define w := min^y w(v), W := J2 v ev w ( w )> c o mm eGB c(e) and C := J2 e &E c ( e )- 
Therefore, (T) is within the interval [2co/W,C/wo\. We start with this interval and do 
the following iteratively. 

Let [ai, bi] be the interval obtained in step i. Then, in step i + using Algorithm[l] check if 
i^fiT) < {obi + bi)/2 and find an interval containing i£ f (T) whose length is (pi — ai)/2. We 
continue this process for t steps, where t :— log(l/(2e)) + \og(CW/cow — 2). Finally, we 
come to an interval [at, b t ] containing off (T) whose length is (C/w — 2c /W)/2 t = e 2cq/W. 
We output bt as the approximation for l^ 1 (T) . We have 

4 4 (T)<b t =a t + e^<(l + e)^(T). 
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Also, the arithmetic complexity of this algorithm is 

/ / 1 CW 
0(nt )=0 (n log - + log 2) 

and consequently, this is an FPTAS that approximates l¥ (T). 
Part (ii) follows from Part (i), Theorem [T] and the fact that i%{T) < if (T) < k Lf(T). U 

The next result (Theorem 2]) shows that the approximation method previously used to 
approximate l^f by i^f can not be applied to approximate U£ by 6™, since, contrary to the 
max version, IPP m appears to be an ./VP-complete problem for weighted trees. To prove this, 
first we need the following simple lemma that will also be used in the proof of Theorem [5] 

Lemma 3. Let G = (V, E, uj, c) be a connected weighted graph and S = {vi, . . . , v s } C.V be a 
fixed subset of vertices. Define W := ^2 ue v\s UJ ( u )' ^ := "l2eeE c ( e ) an d c o := mm ee-E c(e). 
If s < k < \V\ is an integer and for each 1 < i < s, uj(vi) > (2CW / cq) , then there exists 
a minimizing partition (resp. subpartition) achieving Zk{G) {resp. Lk(G)) in which all the 
vertices v%,. . .,v s are in different parts. Also, none of the vertices in S are k-outlier. 

Proof. We prove the lemma for t™(G). The other cases are similar. Let {^L}^ be a 
minimizing subpartition achieving t™(G) and assume that A\ contains two vertices in S, 
say wi,«2 and uj(vi) > uj(v 2 ) > (2CW/c ). Then there is a subset, say A 2 , which contains 
no vertex of S. Now, move v 2 from A\ to A 2 and call the new subsets A[ and A' 2 . Thus 

c(A[) | c(A' 2 ) < 2C < c(A 2 ) ^ c(Ai) c(A 2 ) 
oj(A[) oj(A' 2 ) ~ uj(v 2 ) ~ uj(A 2 ) lj(Ai) uj(A 2 )' 

This contradicts the fact that {Aj}* is a minimizing subpartition. Therefore, all of the 
vertices v\, . . . ,v s are in different parts. Also, if a vertex Vi does not lie in the subpartition, 
we may add it to a subset Aj which has no intersection with S to find a new subpartition 
contradicting the minimality of {Ai}^. Hence, no vertex in S can be a fc-outlier. ■ 

Theorem 4. The problems IPP m and NCP m are NP '-complete for weighted trees. 

Proof. We verify a reduction from the TVP-complete problem EQUIPARTITION [8]. 
EQUIPARTITION 

INSTANCE: 2n positive integers x%, . . . , x 2n such that Y^i=i x i = 
QUERY: Is there a subset / C [2n] such that |/| = n and Y^iei x i = ^ 

Consider positive integers x\, . . . , x 2n with the sum 2B as an instance of EQUIPARTITION. 
Define Q := (1/2) J2i=i A which is an integer and construct a weighted tree T = (V, E,u),c), 
where V :— {vq, V\, . . . , v 2ril u\, . . . , u 2n } and E := {voUi,UiVi, i — 1, ...,2n}. Also, let 
k := 3ri + 1 and for arbitrary positive integers d, D, define the weight functions as follows. 

uj(vq) :— 2dB, uj(vi) := 2D, co(ui) := 2xi, V 1 < i < 2n, 

Ci := c(v Q Vi) = c(uiVi) = x t ((d + l) 2 B 2 + Q- Bxi) . 

Suppose that d, D be sufficiently larger than B. Then by Lemma [31 none of the vertices 
^o, Ui,..., v 2n are fc-outlier. Also, if for some i, the vertex Ui is fc-outlier, then we can move 
Ui to the set containing v^, without increasing the normalized outgoing flow of that set. 
Thus the tree T is fc-geometric (i.e. tfc(T) = tfe(T)) and in every minimizing fc-partition, the 
vertices vq,v\,... ,v 2n lie in different parts. Moreover, suppose that D is sufficiently larger 
than d, then there exists a minimizing fc-partition in which each vertex Vi forms a single 
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part in the partition. Thus, the minimizing partition which achieves t^uiT) — l^}{T) is of 
the form 

: = { { y l}> ■ ■ ■ ,{ v 2n}, {v ,Ui,i € I}, {Uj}, j £1}, 

for some subset I C [2n] with |/| = n. Therefore, k if{T) = k t£(T) < N if and only if 
there exists an n-subset I C [2n] , where 

2n Y^ 2 ™ o 

Y^^ + 2^<=iCi + V * < TV (9) 

On the other hand, 

2n 

53 c i = ((^ + i) 2 - 8 " + o) 53^ ~ B x * = 2 ( d + 1 ) 2 - 83 - 

i= 1 i i 

Consequently, Inequality (JHJ) is equivalent to 



AT := n(d + l) 2 B 2 + nQ + dB 2 + ^ , (i ) 



If we define 



then by substituting N from (|10p and simplifying, we have the following inequality. 
(d + l) 2 B 2 < ( dB + 53 Xi J I dB + 53 ■ 

V iel J \ igl 

Now, since J2i=i x i = 2-B, we have (d_B + J2iei x i)(dB + Yliai x i) < + 1) 2 -B 2 and 
equality holds if and only if there exists some I such that J2iei x i = EiVj x i = Hence, 
L T(T) = ^kiT) < N/k if and only if there exists some subset / with |/| = n, where 
Xi = This completes the proof. ■ 



4 The Case of Fixed k 

In this section we concentrate on the computation of the isoperimetric parameters when k 
is assumed to be a constant. In fact the main theorem that we shall prove in this section is 
the following. 

Theorem 5. Let k > 2 be a constant integer. Then, there exists an algorithm that computes 
parameters tff(T) and i™(T) for every weighted tree T — (V, E, u>, c), in time 0(nL 3fc-1 / 2 J / (fc— 
1)!). Also, there exists an algorithm that computes tjr(T) in time 0((n + S(2k 2 — 6k — 
2, fc)) n( 2k ~ 6fc ~ 3 ) /(fc — 2)!), where S(N, K) is the Stirling number of second kind. 

Note that the running times of the algorithms presented in Theorem [5] are exponential in 
fc, but polynomial in n, when fc is a constant. Nevertheless, this exponential inefficiency is 
likely to be unavoidable duo to Theorems [2] and 2] 

To prove this theorem, first we must prove a series of lemmas. To begin, we introduce the 
concept of the quotient of a graph G = (V, E) with respect to a fc-partition of V. 
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Definition 2. Given a weighted graph G = (V,E,uj,c) and a fc-partition n = {Ai}± G 
Vk{V), for each 1 < i < k, let . . . , A™*} be the set of connected components of the 
induced graph of G on i;. The quotient graph of G with respect to 7r, denoted by G/ir, is 
defined to be a weighted graph G/n — (V , i?', a/, c'), where 

V' := {«• : 1 < i < k,l < r < n,}, 

I*'!*';: E{A\,A])^$], 

u'(vl):=u(Al), c(«r«;)':= £ c(e). 

It is clear that the quotient graph G/7r is a minor of G as a graph. Thus, if G is planar, then 
G/tt is planar as well. Furthermore, if G is acyclic, then G/ir is also acyclic. For a subset 
F C E, the graph obtained from G by deleting the edges in F, is denoted by G\F. 4 

Lemma 4. Le£ G = (V, -E, w, c) be a weighted graph and it — {Ai}^ G 2?fc(y) be a minimizing 
subpartition for ifc(G). Define the (k + l)-partition tt :— {Ai}^ 1 , where A^+i = V\(UiAi) 
and let G/tt be the quotient graph of G with respect to Jr. Then, we have ife(G) = Lk(G/n). 
(Similar statements are also true for the other parameters V£ and l^f .) 

Proof. We prove the lemma for t™. The other cases follow similarly. Let V',c',uj' be as 
in Definition [2] and for every 1 < i < k, define A[ := {v\ : 1 < r < ni}. Then, 

= y J2 444 4e 444 > ^(G/if). 

kK uj{Ai) k ^ n 

Also, if 7r' = G V k (V) is a minimizing subpartition for ^(G/T) and _B S ; := U{Aj : 

v] G then. 

1 * c'(.B?) _ 1 * e(^) 

fc ^ u/(s t ') " k y u m ~ Lk 

u 

Lemma 5. Let G = (V,E,lo,c) be a weighted graph and 2 < k < \V\ be an integer. Then, 
there exists a subpartition it — {Ai}i G T>k{V) attaining Lk{G) such that the number of 
connected components of G\ E(Ai, AI) is 

(i) at most |_(3fc — l)/2\, if G is acyclic. 

(ii) at most 3fc — 4, if G is planar. 

Proof. Consider the nonempty set Ck(V) of all the minimizing subpartitions {^4i}i G 
D k{y) where the induced graph on each Ai is connected (see Lemma [2]), and for each such 
subpartition, let . . . , ^4J? +1 } be the set of all connected components of the induced 

graph on A^+i '■= V\(uf Aj). Now, choose an extremal subpartition n = {Ai}i G Ck(V) 
for which d is minimized. Let W := and V(G/n) = {vi, . . . , Vk, v k+1 , ■ ■ ■ , v k+1 } as 

in Definition [2] First, we claim that deg(v k+1 ) > 3 for each 1 < p < d. By contradiction, 
assume that deg(v k+1 ) < 2. Then, A p k+1 is connected to at most two subsets in 7r, say A\, A 2 . 
Without loss of generality, assume that c(A v k+x ,A\) > c(A k+1 ,A 2 ). Define B\ :— A\\jA v k+x 
and Bi := Ai for all 2 < i < k. Therefore, it' = {Bi}\ G T>k{G) is a subpartition and 

cCgi) _ c(A 1 )-c(A 1 ,A p k+1 ) + c (A p k+1 ,A 2 ) cjA,) 

that contradicts the minimality of tt. Hence, deg(v P +i ) > 3, for each 1 < p < d and the set 
of vertices of G/lf with degree less than 3 is a subset of {v ± , . . . , v k }. 
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Let G' be the graph obtained from G/ir by deleting all the edges e = ViVj e E(G/ir), for 
every 1 < i,j < fc. Then, 

\E(G')\ = J2 deg« +1 ) > m(G')\ ~ k). (11) 
P =i 

On the other hand, if G is acyclic, then G' is also acyclic and \E(G')\ < \V(G')\ — 1. This 
fact along with CP yields \V(G/w)\ = \V(G')\ < (3fc - l)/2. 

Now, if G is planar, then G' is also planar. Furthermore, G' is bipartite with independent 
parts {vi,...,Vk} and {i>L_x> • • • > u fc + 1}- Therefore, G" is a bipartite planar graph and 
|£(G')| < 2\V(G')\ - 4. This fact along with Inequality (HJ) yields \V(G/w)\ = \V(G')\ < 
3fc-4. ■ 

Lemma 6. Let T = [V,E,uj,c) be a weighted tree and 3 < fc < \V\ be an integer. Then, 
there exists a minimizing partition it = {Ai} 1 ^ € VkiV) for Zff(T) such that the number of 
connected components of T\ Ui E(Ai, Af) is at most max{2fc 2 — 6fc — 2, k}. 

Proof. let 7r = G Vk(V) be a fc-partition achieving Zff(T) such that the number 

of vertices of T/-7T is minimal. Let {A}, . . . , A™*} be the set of connected components of the 
induced graph T on Ai and V be the set of vertices of T/ir as in Definition^ For each i, par- 
tition the set [rii] into two subsets Li and L\, where Li :— |r | 2 < r < n t , > ^x}}- 
Firstly, we prove that for each r € Li, deg(w[) > 3. By contradiction, assume that r € Li 
and deg(i>[) < 2. Therefore, A\ is connected to at most two sets, say Aj,Aj. Without loss 
of generality assume that c(A\, Af) > c{A\,A\). Now, let B l := Ai\A\, B j := A j U A\ and 
Bh := Ah for h ^ i, j. Thus, {Bi}^ is a fc-partition of V and since r e Lj, 

c(BQ = c(AQ - c{A\) c{Aj) 

uj{B 1 ) u(Ai) - LuiAV) ~ u (AiY 

c(B ) _ c( Aj ) - c(Ar,A°) + c{Al,A\) c ( Aj ) 



u{Bj) u>(Aj)+u;(Ar) u(A ) 

Hence, max^ ^ T$w}) ) — tfz 'CO that contradicts the minimality of \V(T/tt)\. Therefore, 
deg(w[) > 3, whenever r £ Li. Moreover, the above argument shows that if fc = 3, then for 
each i, m = 1 and |^(T/7r)| = fc = 3. 

Secondly, provided fc > 4, we prove that for each i, |L?| < fc — 3. By contradiction, assume 
that \L\\ > fc — 2 and define A' :— A^ and A" :— U3<i<fe^4i. For each r G L±, as before, we 
transfer the vertices in A\ into A 1 or A", without increasing the normalized outgoing flow 
of these subsets. Call the new subsets as B 1 and B" . Hence, n' :— {B' ,B" ,A\ \ r e L c (\ 
is a fc-partition that achieves l^f (T) whereas \V(T/n')\ < \V(T/ir)\. This contradicts the 
minimality of |V(T/7r)| and therefore, < fc — 3, for each i, whenever fc > 4. 
These facts show that the number of vertices in V' = V(T/ir) whose degrees are less than 
3, is at most fc(fc — 3). Hence, 

2(|V'| - 1) = 2\E(T/n)\ = de g( w ) > 3 (l^'l - k ( k ~ 3 )) + fc ( fc - 3 )> 

and consequently, |y(T/7r)| < 2fc(fc — 3) — 2, whenever fc > 4. ■ 

Proof of Theorem [51 Now, we are ready to provide algorithms to compute t™(T), i^f{T) 
and l¥ (T) for a weighted tree T and to find the corresponding minimizing partitions and 
subpartitions. We use Lemmas 15 161 and the fact that if we remove t edges from a tree, we 
obtain a forest with exactly t + 1 connected components. Our algorithm is as follows. 
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Algorithm 2 Compute t%(T), if (T) and ff (T) 
Part L Compute t^(T) and tf (T). 
1: for every subset F C £(T) of size fc - 1 < |F| < L^^J do 

2: Find the connected components of T\F, say {T 1; . . . , T t }, where t — \F\ + 1, compute 

the quantity fi := c(A i )/u:{A i ) for each 1 < i < t, where Ai := V(Ti). 
3: Sort fi,.-.,ft in increasing order, say / ni < f n2 < . . . < /, it . 
4: Define tt := {A ni , . . . , A nk }, J m (tt) := /„, and /"(tt) := (/„,+... + f n „)/k. 
5: end for 

6: return The subpartition tt m (resp. tt" 1 ) for which J M (resp. I m ) is minimum among 
all the subpartitions tt obtained in line 2] and I m (tt m ) (resp. I m (-K m )). 
Part 2. Compute lf{T). 
1: for every subset F C B(T) of size k-l<\F\< max{2fc 2 - 6k - 3, fc - 1} do 
2: Find the connected components of T\F, say {Ti, . . . , T t }, where i = |F| + 1, compute 

the quantity fi := c(Ai)/a;( J 4i) for each 1 < i < t, where Ai :— V(Ti). 
3: Consider all possible ways that {^4i}i can be partitioned into k subsets to form a 

fc-partition of V(T). Let tt :— {B\,...,B%\ be such a fc-partition and define I M (ir) := 

m&yLi{c{Bi) / uj(Bi)} . 
4: end for 

5: return The fc-partition tt* for which I M is minimum among all the fc-partitions 7r 
obtained in line |3] and I M (tt* ) . 



Now we compute the runtime of the algorithm. For each subset F C E(T), in both parts 
line[2]runs in time 0(n) by a breadth-first search. In Part 1 there are 0(nL 3fc_3 / 2 J /{k — 1)!) 
subsets F. Also, the sort in line[3]runs in time 0{k Ink). Hence, the running time of Part 1 
is of order 0(nL 3fe - 1 / 2 J /(fc - 1)!). In Part 2 there are 0(n (2k ' ^- 6fc - 3 ) / \k - 2)!) subsets F. 
Also, in line[3]the number of ways to partition {A^}* into k sets is at most S(2k 2 — 6k — 2, k), 
where k) is the Stirling number of second kind. Therefore the running time of Part 2 
is of order 0((n + S{2k 2 - 6k - 2, fc)) „(2fc 2 -6fc-3) /( fc _ 2 )|). ■ 
Theorem [5] shows that for every fixed integer k > 2, computing the fcth isoperimetric param- 
eters is polynomially solvable for weighted trees. However, the following theorem shows that 
this result can not be generalized to the case of weighted graphs with bounded tree-width. 
This can also be considered as a generalization of Papadimiriu's result (Theorem lATii') ) . 

Theorem 6. For every fixed integer k > 2, IPPfc and NCPfc (in both max and mean versions) 
are NP -complete for bipartite weighted graphs with tree-width 2. 

Proof. First we show that it is enough to prove the theorem for k — 2. For this, assume 
that k > 2 is an integer and G is a weighted graph. Add fc — 2 new isolated vertices of 
weight 1 to obtain a new weighted graph G". For every fc-subpartition of V(G'), there 
are two subsets completely included in V(G). Thus, solving IPP2 (equivalently NCP2) for 
the graph G is equivalent to solving IPP& and NCP& for the graph G". Henceforth, we 
concentrate on NCP^ , mentioning that the proof of the mean version is similar. 

Consider the following TVP-complete problem in the class of KNAPSACK problems, 
known as the PARTITION problem [S]. 

PARTITION 

INSTANCE: n positive integers x%, . . . , x n such that Y^i=x x i = ^B. 
QUERY: Is there a subset I C [n] such that J2 ieI Xi = Bl 

We shall propose a polynomial reduction from PARTITION to NCPf^- Let xi,...,x n be 
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n positive integers where X^=i Xi = ^-B- Then, define the bipartite weighted graph G as 
follows. 

V(G) := {ux,u 2 ,vi,...,v n }, E(G) := {uiUi, it 2 Ui, 1 < i < n}, 

uj(u\) = lu(u2) — M, u)(vi) := Xi, V 1 < i < n, 

where M is an arbitrary positive integer. Also, let all the edge weights be equal to 1. It is 
clear that the graph G has tree- width equal to 2. Assume M is sufficiently larger than B, 
then by Lemma[31 in every minimizing 2-partition achieving 12(G), U\ and w 2 are in different 
parts. Thus, if (A\,A2) is a minimizing 2-partition, then 

- max {$ry C M)\ = max {mt£^'mt£^-} ■ 

Hence, tf f (G) < n/(M + B) if and only if X^-eAi x * = This completes the proof. ■ 

5 The Unitarization Process 

In this section we establish a machinery to convert the hardness results from weighted graphs 
to unweighted (simple) graphs, i.e. graphs whose all the vertex and edge weights are equal 
to 1. In fact this method that we call the unitarization process, is a polynomial reduction 
and will be used to prove some hardness results for unweighted graphs and trees. Define the 
class ISO to be the set of all problems IPP, NCP, IPPfc and NCPfc for the maximum and 
mean version. 

Proposition 1. If P is a problem in the class ISO which is TVP-complete in the strong 
sense for weighted graphs, then it is also ./VP-complete for unweighted (simple) graphs. 

Proof. We prove the proposition for NCP M and the other cases are similar. Assume 
that NCP M is ./VP-complete in the strong sense and let G = (V,E,u>,c) together with the 
integer k > 2 and the number N = M/L be an instance of NCP M , where all the weights 
and integers M, L are given in unary codes. We apply a unitarization process on G which 
is a polynomial reduction to obtain a simple graph G' with all the weights equal to 1 and a 
constant N', such that for NCP M , (G, k, N) is a positive instance if and only if (G', k, N') 
is a positive instance. This implies the ./VP-completeness of NCP M for unweighted graphs. 
The process is described in two steps. 

Step 1. Unitarization of the vertex weights. 

In this step, we propose a method to make all the vertex weights equal to 1. First, multiply 
all the vertex weights by a sufficiently large constant \ such that for every vertex ii£F, 
Xw(tt) > J2e=uvGE c ( e )- Then, for every A C V, we have c(A)/ui(A) < \- Now, to construct 
the graph G 1 — (V, E 1 , c) from G, for each vertex u £ V, add a set W u of exactly xw(u) — 1 
new vertices and join all of the vertices in W u to u (see Figure [5]). Also, let the new edges 
ux, x e W u , have weights equal to 1. We claim that lff(G) — xl^IG'). Let {Ai}^ be a 
minimizing partition for l¥(G). Then, by defining A\ := Ai U (UugA.Wu), it is clear that 
c(4)/|^| = {l/x)c(Ai)/u>(Ai). Therefore, tf (G') < (l/x)tf (G). To prove the equality, 
let {B'^i be a minimizing partition achieving iff (G 1 ). For a vertex u £ V, assume u £ B[, 
for some i. If there exists x £ W u , such that x £ Bp for some j ^ i, then we transfer x 
from B'j to B[ and define B'[ := B[ U {x} and B'J := B' 3 \{x}. Since c(^-)/|^| < lf{G') < 
(l/x)if (G) < 1, we have 

cjB'j) _ c(B')-l c(B>) C (B?) c{B[) 1 c(B'A 
\B'J\ \B' S \-1 ~ ' \B?\ \B>\ + 1 ~ \B>\ ■ 
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By continuing this process, we get a minimizing partition {-Bf}i achieving if (G 1 ) with the 
property that for every vertex u £ V, u and the vertices in W u all are in the same part. Thus, 
by defining B z := V H B'( , we have c(B % )/uj(B % ) = X c(Sf)/|Bf |. Hence, if (G) < xlf(G'). 
It remains to let N' := N/\- 

Step 2. linearization of the edge weights. 

Let n := \V\ and assume that all the vertex weights are equal to 1 and replace every edge 
e e E by exactly c(e) multiple edges. Then subdivide all the edges to obtain a simple graph 
G' and let the new edge weight function c' be the constant function 1 (see Figure [5]). For 
each edge e £ E, let the set of new vertices obtained from the subdivisions be denoted by 
S e and define S := U ee ES e . Also, for a constant ip, define the vertex weight function oj' to 
be equal to 1 on the set S and equal to ip on the set V. 
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Figure 2: The vertex and edge gadgets used in the unitarization process. 

We claim that if ip is sufficiently larger than n,L and \S\, then lf(G) < N if and 
only if lf(G') < {N/ip). For this, first assume that if (G) < N and let {Ai}\ be a 
minimizing fc-partition for Vf(G). Define A' { :— A{ U iyi e eE{A i ,A-),l<j<A^e)- It is clear that 
c'(A<) = c(Ai) and uj'(A[) > ij)\Ai\. Therefore, lf{G') < {N/ip). On the other hand, assume 
that if (G 1 ) < (N/ip) and let {B'j}^ be a minimizing partition achieving lf(G'). By defining 
Bi := B[ n V, we have c{Bi) < c'{B[). Also, if ip is sufficiently larger than n, L and \S\, then 

c(5Q #CgQ 1 ^CgQ 1 

Thus, 

max <^ -^i— ^ ^ = ; 7 < t/> if(G" H < 1 < h — ; r- 

And consequently, lf{G) < maXi(c(Bi)/\Bi\) < M/L = N. This completes the second step. 

Finally, by repeating Step 1, we may find a simple graph all of whose edge and vertex 
weights are equal to 1. Note that since the edge and vertex weights of G and also M, L are 
given in unary codes, the obtained simple graph is polynomial time computable. ■ 

By Theorem lAl (i), we know that NCP2 is A^P-complete for graphs with multiple edges. 
Thus, NCP2 is iVP-complete in the strong sense for weighted graphs. The following corollary 
is deduced from this fact along with Theorem [5] and Proposition [T] Part (i) can be seen as 
a generalization of Mohar's result (Theorem lAl (i)). 

Corollary 2. 

(i) For every fixed k > 2. IPPfc and NCP^ (in both max and mean versions) are NP-complete 
for unweighted (simple) graphs. 

(ii) The problem NCP M is NP-complete for unweighted trees. 
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6 Concluding Remarks 



Our results show that the study of isoperimetric numbers and minimum normalized cuts 
on weighted trees is not only important because of its wide range of applications, but also 
the scope of weighted trees provide a very interesting arena to test the computational com- 
plexity of these problems in which these isoperimetric problems change their computational 
behavior by a very slight perturbation of conditions. This fact, on the one hand, is quite 
interesting from a complexity theoretic point of view, where one is quite interested to inves- 
tigate problems close to the borders of the classes P and ./VP-complete, and on the other 
hand, is also interesting from the point of view of approximation algorithms for applications. 
In this regard, according to our results, intuitively, passing from taking maximums to the 
mean or restricting the space of subpartitions to partitions will generally make the problem 
computationally harder. These observations provide enough evidence for the fact that the 
study of the following open problems ought to be interesting. 

• Does there exist a polynomial time algorithm that given the number k > 2 and a 
weighted tree T, computes the parameter Ljf(T)l 

• Given a constant number k > 2, does there exist a polynomial time algorithm that 
computes the parameter V£ for weigthed trees? 

• Determine the computational complexity of IPP m and NCP m for unweighted trees. 

• Determine the computational complexity of IPPfc and NCPfc for bipartite planar un- 
weighted graphs. 

Also, one may consider a number of different variants of isoperimetric problems on graphs 
and study their computational properties. As a couple of these variants one may propose 
the following setups. 

Firstly, considering the maximum and mean versions of the introduced parameters as 
II - II oo an( ^ II -Hi counterparts of the isoperimetric problem, respectively, it is interesting to 
study the ||.|| versions of these parameters and the computational complexity of the corre- 
sponding problems. In this setting, it is important to try to characterize the properties that 
are responsible for the change of hardness from ./VP-completeness of IPP m to the polynomial 
solvability of IPP M in the limit. 

Secondly, one may consider the supervised version of the partitioning problems and 
formulate them as multiterminal isoperimetric problems, in which given a weighted graph 
along with k specified vertices v\, . . . ,Vk, we look for a fc-subpartition (fc-partition) such 
that Vi'a appear in different parts and the corresponding cost functions (see Definition [I} 
are minimized. For instance, using a similar argument as in the proof of Theorem[6j one may 
prove that for any k > 2 the multiterminal versions of IPPfc and NCP& are iVP-complete 
for weighted trees [?]. 

As another variant of these problems, one may focus on the approach through (k, b)- 
subpartitions (see |15U16| ) that can be considered as a combination of the max and the 
mean approach and follow the same line of study. 
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